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1 Cheat Sheet

1.1 Preliminaries

Norms

Vector x:

||x||p =

Matrix A: :

||A||2 =

||A||F =

=

Function H(s):

||H(s)||H2 =

√
→

||H(s)||H∞ =

→

Matrix Decompositions

Eigenvalue Decomposition (EVD)

A ∈ Cn×n, U ∈ Cn×n invertible

A =

Λ = diag(λ1, ..., λn) (eigenvalues)

↕
U = [u1, ...,un] eigenvectors

Example EVD for matrix exponentials:

A5 = UΛ���U−1 · ... ·��UΛU−1 = UΛ5U−1

Singular Value Decomposition (SVD)

A ∈ Cm×n, U ∈ Cm×m, V ∈n×n

UHU = I,V HV = I

A =

Σ = diag(σ1, ..., σr, 0, ..., 0) (sing values)

↕
U = [u1, ...,um],V = [v1, ...,vn] (sing vectors)

σi =
√

λi(A
HA)

ui,vi eigenvector of A
HA, AAH

AAHui = σ2
i ui

AHAvi = σ2
i vi
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SVD as best low-rank approximation

Âk = ,

Σk =


σ1

. . .
σk

0
. . .

0


||A− Âk||2 =

||A− Âk||F =

Transformation of state variables x → Tx

x̃ = Tx, ˙̃x = T ẋ → x = T−1x̃

T ẋ =

y =

Description of Systems

State Space Representation

ẋ = Ax+Bu

y = Cx+Du

↓ Laplace transform

=

X =

Y =

Newton-Euler Equations

Mq̈ +Dq̇ +Kq = Bu

y = Cq

↓ Laplace transform

=

Q(s) =

Y =
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Projector

x = Px+ (I − P )x ⇒ Rn = span(S1 + S2 )

Galerkin

biorthogonal bases: W TV = I

x

Petrov-Galerkin

x

Reduction Approach

State Space Representation

Σ
P
⇝ Σ̄

d
dtx = Ax+Bu

y = Cx+Du

x ≈ V x̄

Newton-Euler Equations

Mq̈ +Dq̇ +Kq = Bu

y = Cq

q ≈ V q̄
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1.2 Linear Reduction Methods

1.2.1 Modal Reduction

1.

Mq̈ +Dq̇ +Kq = 0 (homogeneous) (Assumpt: Proportional Damping)

q(t) = eλtφ

↰

(λ2M + λD +K)φ = 0 QEVP (solve with generalized Eigenproblem)

→ N eigenvalues −λ2
1, ...,−λ2

n, λ2
i < 0

eigenfrequencies ωi > 0 as wi =
√
−λ2

i ⇔ λi = ±iωi

→ N Eigenvectors real φi are eigenmodes

→ φi mass orthogonalized ⇔ ΦTMΦ = I

2.

ΦTMΦ︸ ︷︷ ︸
I

¨̄q + ΦTDΦ︸ ︷︷ ︸
diag(2wiξi)

q̄ +ΦTKΦ︸ ︷︷ ︸
diag(w2

i )

q̄ = ΦTBu only diagonal matrices
→ uncoupled system of ODES

y = CΦq̄

↰

H̄(iω) =
N∑
i=1

[
¯C ]xi [

¯Bix]
ωi2−ω2+2iωωiξi

”summand big for ω close to ωi”

3.

Thumb rule

V = W = [φ1, ..., φn], φi to ωi ≈ 2ωint

→ truncate uncontr./ unobs. eigenmodes

4.

HSV : σ2
i ≈ ∥ [C]xi ∥2∥ [B]ix ∥2

4ωiξi

approximate contribution of mode φi to the H2 and H∞ norm.

Remarks:

+

+

-

-
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1.2.2 Craig-Bampton Reduction

1.

↰

[
M bb M bi

M ib M ii

]
︸ ︷︷ ︸
P TMP

[
q̈b

q̈i

]
+

[
Kbb Kbi

Kib Kii

][
qb

qi

]
︸ ︷︷ ︸
Pq

=

[
Bb

Bi

]
u

y = [Cb Ci]

[
qb

qi

]

2.

H(0) = C[���s2M +K]−1B

H(0) = [CbCi]

[
Kbb Kbi

Kib Kii

]−1 [
Bb

Bi

]

3.

H(0) = Ci K
−1
ii Bi + Ĉb K̂

−1
bb B̂b

4.

V corr =

[
I

−K−1
ii Kib

]
∈ RNxb

static compensation⇒ H(0) = H̄(0)
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arbitrary frequency:

V corr =

[
I

−(−ω2M ii +Kii)
−1(−ω2M ib +Kib)

]
H(ŝ = iω) = H̄(ŝ = iω)

Add correction modes to eigenmodes
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1.2.3 Krylov Reduction

1.

T
(sk)
0 = D +C(skI −A)−1B

T
(sk)
j = C((skI −A)−1)j(skI −A)−1B

2. H(s) = T
(sk)
0 s0 + T

(sk)
1 s1 + T

(sk)
2 s2 + ... =

∑∞
j=0 T

(sk)
j sj

3.

H̄(s) =
∑r−1

j=0 T
(sk)
j sj → numerical instable

4.

Kj(M ,R) = span (R,MR,M2R, ...,M j−1R)

Input Krylov Space Output Krylov Space

R = (A− skI)
−1B starting matrix R = (A− skI)

−HC

M = (A− skI)
−1 action matrix M = (A− skI)

−H

span(V ) = span(W ) =

Ksk
jb ((A− skI)

−1, (A− skI)
−1B) for multible sk Ksk

jc ((A− skI)
−H , (A− skI)

−HC)

Then T̄ sk
j = T sk

j for j = 0, ..., jb − 1 + jc − 1

Solved with Arnoldi Algorithm: (M ,R) → V = W with orthogonal bases (Gram Schmidt)

5.

• (skI −A) must not be singular

• for mechanical system sk = 0 + i sk
im

• Better results for more sk and more moments j

2nd Order Krylov

Kj(M1,M2,R) = colspan {P 0,P 1, ...,P j−1}
P 0 = R P 1 = M1R

P i = M1P i−1 +M2P i−2 i = 2, 3, ...

⇒ second order Arnoldi ⇒ V
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Remarks:
+ -

+ -

+ -

+

1.2.4 Mirror images of poles

H̄ best approx of H with Σ̄ has simple poles λ̄1, ..., λ̄n.

Then H̄(−λ̄k) = H(−λk) and H̄ ‘(−λ̄k) = H ‘(−λ̄k)

Problem λ̄K not known a prior! ⇒ iterative algorithm

1.2.5 IRKA algo

1.

2.

3.

reduced order:

n =
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1.2.6 Balanced Truncation

Reachability/ Controllability Observability

x̄ reachable ⇔ x̄ not obs ⇔

x̄ contr. ⇔

R(A,B) = O(A,C) =

P (t) :=
∫ t
0e

AτBBHeA
Hτ

dτ →
lim
t→∞

P Q(t) :=
∫ t
0e

AHτ
CHCeA

Hτ
dτ →

lim
t→∞

Q

Xreach = image(R) = image(P (t)) Xunobs = Kern(O) = Kern(Q(t))

energy ||P̄ ||2 = x̄HP (t)−1x̄ for t2 > t1 x̄H Q(t)x̄

P (t2) ≥ P (t1)

min. energy x̄HP−1x̄ x̄HQx̄

Concept of BT Remove states x̄ with

•

•

→ remove x̄ =̂ eigenvector to small λ(P ) or λ(Q) since Av = λv.

Balanced transformation: P ,Q
T→

HSV

σi = σi(Σ) := σ(H) =
√

λi(PQ)

σi(Σ̃) = σi(Σ)

Singular values are preserved

P̃ = TPTH Q̃ = (T−1)HQT−1
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Calc T and truncate to get V and W

1.

2.

3.

4.

5.

↰

Σ̄ =

[
WHAV WHB

CV D

]

Remark:

+

+

+

+

-

Calculate Q and P - numerical issue

Lyapunov eq: AP + PAT +BBT = 0 ATQ+QA+CTC = 0

↰

ADI algorithm calculate P , Q iteratively

↰

low rank ADI approx P , Q as low rank

BT for 2nd Order Mech Sys.

P =

[
P P ∗
∗ P V

]
Q =

[
QP ∗
∗ QV

]
∈ R2N×2N

σP , σV , σPV , σV P only the Gramian can be balanced
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