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small overlaps between the bodies are accepted, see
e.g. [Luding, 1998]. These forces, which are applied to
bodies in MD, are resulting from gravitation and from
contacts, e.g. from contacts of the bodies among each
other.
In order to determine, whether there is a contact be-

tween two bodies, the distance between the bodies has
to be detected. Without further considerations, for such
a collision detection each body has to be tested against
every other body of the system. That means a double
loop must be accomplished over the total number of
the bodies. Therefore, the necessary calculation time
in order to test all body pairs with respect to collision
is proportional to n2 see [Allen, Tildesley, 1989]. This
leads to a simulation time of O(n2). Already in 1967
Verlet [Allen, Tildesley, 1989] suggested a technique
in order to improve the calculation times, that are re-
quired for collision detection. It has been his idea to
search for close body pairs in advance. Therefore, a
list for each body has to be produced, consisting of its
neighboring bodies, in order to have to perform the col-
lision detection not for each existing pair of bodies of
the system, but only for neighboring bodies. Many dif-
ferent neighborhood search methods for the presorting
of neighboring body pairs have been developed in order
to produce such neighborhood lists. These lists must be
updated occasionally, depending on the method that is
used. We will briefly describe one such method in Sec-
tion 4.

3 Multibody System Dynamics
The systems considered here consist of free bodies in

space. Such a system holds six degrees of freedom for
each body, three translational and three rotational ones.
For the rotational degrees of freedom, e.g. the Kardan-
angles can be taken into account. All degrees of free-
dom can be summarized in a vector y = [yT yR]T of
generalized coordinates. In MBS the equations of mo-
tion are often formulated for the whole system. Since
here no joints or guidances are considered, the gen-
eralized coordinates correspond directly to the uncon-
strained motion. Therefore, the bodies here are only
interdependent due to contact forces and the equations
of motion can be formulated for each body separately,

mi HTi ÿTi = f
e

i ,

Ii HRi ÿRi + Ii ḢRi ẏRi + ωi × Ii ωi = l
e
i .

(1)

Here, HTi and HRi are the Jacobian matrices of trans-
lation and rotation, respectively. Since the translational
degrees of freedom are uncoupled, HTi equals the 3×3
identity matrix, whereas HRi equals

HRi =


 1 0 sinβ

0 cosα − sin α cosβ
0 sinα cosα cosβ


 , (2)

see [Schiehlen, Eberhard, 2004], and ḢRi is the time
derivative of the corresponding Jacobian matrix. The
mass of each body and its inertia tensor are denomi-
nated by mi and Ii, respectively. The rotational de-
grees of freedom for each body are summarized in yRi,
where we have

ωi = HRi ẏRi (3)

for the rotational velocity. Finally, f e
i and l

e
i of Equa-

tion (1) are the forces and moments, that are acting on
each body due to gravity and contact.

4 Neighborhood Search
For a system consisting of n bodies, the required cal-

culation operations for naive collision detection will
be of order O(n2), causing great computational effort.
However, there exist special neighborhood search al-
gorithms, so that a tremendous reduction of the com-
putational effort down to the order O(n) can be
achieved, [Allen, Tildesley, 1989]. The neighborhood
search method we want to use here, the Linked Linear
List (LLL), is described e.g. in [Schinner, 1999]. Every
body whose bounding box is colliding with the bound-
ing box of another particle is considered to be a neigh-
bor of this body. Therefore, in a first step, bounding
boxes are laid around each particle, see Figure 1, that
are sized in such a way, that each particle fits exactly
in its box. The edges of each bounding box are aligned
with the coordinate axes. In a next step the bounding
boxes are projected separately onto the system axes.
Such a projection onto the x-axis is shown in Figure 1.
In the following, only the order of the beginnings and
endings of the projections of the bounding boxes along
the axes is of interest. These beginnings and endings
are identified here by a negative and positive value, re-
spectively. The resulting sequences are stored in lists.

3

2

4

1

x
−1 −4 3 2 41 −2 −3

y

Figure 1. Bounding boxes projected to the x-axis.
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Each of these lists, therefore, has a length which corre-
sponds to twice the number of particles in the system.
If there is the beginning, ending, or both, of another
particle in between the beginning and ending of a par-
ticular body, then there will be an overlap of the pro-
jections of the bounding boxes for these two particles
along the axis. A collision of two bounding boxes ex-
ists for an overlap of these projections along all axes.
Checking whether there is some part of a projection in
between the beginning and ending of another projec-
tion for each particle along each axis still takes a lot
of time. But, although these lists have to be updated
for each time step, the necessary calculation times can
be reduced to an amount proportional to the total num-
ber of particles in the system, as there has to be done
only an update of the old list for each new time step.
This corresponds to sorting an already nearly sorted
list, which can be done with an effort of O(n). This up-
date can simply be done by going sequentially through
the lists and checking for any new changes in the or-
der. The occurring changes are usually permutations
only. If the order of the beginnings and endings does
not have to be changed, the collision status of the par-
ticles also will remain unchanged. While seeking for
new colliding bounding boxes by looking for permu-
tations in the lists, four different cases have to be dis-
cerned. If two beginnings or two endings are changing
their order, the collision status of the two bodies will
remain unchanged. If a beginning and a proximate end-
ing have changed, a previously occurring overlap has to
be removed. Finally, if an ending and a following be-
ginning of another particle are exchanged, then a previ-
ously non-existing overlap has to be taken into account
now. If a collision along an axis has to be removed, or
if there is a new collision between two particles along
an axis, the collision information along the other axes
is essential and has to be compared.
The bodies, whose bounding boxes collide along all

system axes, are called neighbors here. Each neighbor-
ing body-pair is now stored within a new list, called the
LLL and checked further in the collision detection.

5 Collision Detection
As soon as neighboring body pairs are sorted, the even

more time consuming collision detection can be carried
out. It only has to be carried out for body-pairs that
are stored in the LLL. For these body-pairs, it is neces-
sary to check, whether and which surface points of the
bodies are located inside another body. That means,
for each neighboring body pair (e.g. body pair 3 and 4
in Figure 1) it has to be checked, whether vertices of
polyhedron 3 lie within 4 and vice versa. In order to
check, whether a point q is positioned within another
body, e.g. the body of Figure 2, a ray originating from
the observed point is created. Then the intersections
of this ray with the surface of the body are counted,
see [O’Rourke, 1993]. Point q is inside the other body,
if the number of intersections with the surface of the

q

q

Figure 2. Collision detection by means of a ray through the bodies.

other body is odd for all possible rays. Also it can be
said, that the point is outside the other body, if the num-
ber of intersections is even for all rays from this point
(where 0 is considered to be an even number). In order
to check that, the ray has to be tested against all sepa-
rate surface parts of the body, and for that purpose, to
all planes around the surfaces. By controlling, whether
an intersection point of the ray with the plane of a sur-
face really lies on the surface of the body, the rate of
distance 1, (which is the distance between the observed
point to the surface) to distance 2 (that is the distance of
a point of the ray that is clearly located outside the body
to the surface) has to be considered. If that rate equals
zero, that means point q equals the point of intersec-
tion of the ray with that observed surface and, there-
fore, point q is positioned directly on the surface of
the body, see [O’Rourke, 1993; Wessel, 2004]. These
considerations have to be taken into account for each
surface point of both neighboring bodies.

6 Contact Force Calculation
Since the investigated bodies here are solids, interac-

tions between bodies are due to measurable properties
of the bodies and their material such as viscosity, elas-
ticity, friction, and so on. These interactions are lead-
ing to contact forces. They can be divided into normal
contact forces and tangential contact forces.

6.1 Contact Force in Normal Direction
For the calculation of the contact forces in normal di-

rection a penalty-formulation is used, i.e. overlaps be-
tween the bodies are accepted, and the size of the con-
tact force is dependent on this overlap. The contact
forces are then calculated by means of the Calvin-Voigt
model, [Lankarani, Nikravesh, 1994]. There, the con-
tact force is consisting of an elastic and a viscous part.
The elastic part shows a direct relationship between the
elastic contact force and the overlap of the two bod-
ies. The absolute value of the viscous part may not
be larger than the elastic part, since the total value of
the contact force could then become negative for nega-
tive relative velocity. Therefore, the viscous part of the
contact force is dependent on the overlap as well. The
contact force in normal direction can then be written as
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fN = Kδn
n

︸ ︷︷ ︸
elastic force

+ Kδn 3 (1 − e2)

4

δ̇

δ̇beg
n

︸ ︷︷ ︸
viscous force

. (4)

Here, δ and δ̇ are the overlap between the two bodies
and their relative velocity at the contact point, respec-
tively. The relative velocity at the beginning of the con-
tact is denoted with δ̇beg and the coefficient of restitu-
tion is called e. That means, the damping coefficient d
is here depending on the stiffness parameter K ,

d =
3 K (1 − e2)

4 δ̇beg
(5)

which leads to a total relative kinetic energy change
during the contact of

∆T =
1

2
meff δ̇2

beg (1 − e2). (6)

For a more detailed explanation of this see e.g. [Hunt,
Grossley, 1975; Lankarani, Nikravesh, 1994].

6.2 Contact Force in Tangential Direction
For the tangential contact force, generally two phases

can be distinguished. The friction process is then di-
vided into a static sticking phase and a dynamic phase
that can be called sliding or slipping, see [Cundall,
Strack, 1979; Wriggers, 2002], respectively. The well-
known Coulomb friction model distinguishes between
sticking and sliding in such a way, that during sticking,
no tangential motion is possible. The contact force dur-
ing sticking is not given explicitly, but it has to fulfill
the condition that no relative motion between the bod-
ies can occur. The model leads to an undifferentiability.
In order to avoid that, some authors introduced asso-
ciated models, see e.g. [Oden, Pires, 1983; Wriggers,
2002], where the frictional contact force is based on a
functional form which leads to a smooth transition from
sticking to sliding. For instance, an arctan-function is
used sometimes. For these associated models, the fric-
tion force is dependent on the relative velocity between
the contacting bodies,

ft = −
vt

‖vt‖
min(k‖vt‖, µfn). (7)

The problem with such a force law is however, that it
leads to a contact force that is zero for no relative tan-
gential velocity, and hence, e.g. a block on an inclined
plane can never come to rest.
In the following, we want to use the Cundall-Strack

model [Cundall, Strack, 1979]. That model also dis-
tinguishes between a sticking and a sliding phase, see

x

µsFN
µdFN

FN

Figure 3. Friction force in the Cundall-Strack model.

Figure 3 and the contact force is not dependent on the
relative velocity in the tangential plane but to its corre-
sponding relative displacement,

ft = −
ξt

‖ξt‖
min(k‖ξt‖, µfn). (8)

That means, it is the approach of this model that the
friction force acts in opposite direction to a small tan-
gential motion that is allowed here also in the sticking
phase, due to surface roughness. The sticking force is
then influenced by that tangential displacement in its
direction and also in its value. In Figure 4 the tangen-
tial plane is shown. The figure shows a cut through the
friction cone, i.e. a cut perpendicular to the normal di-
rection at the level of the actual normal contact force fN

of Figure 3, see Figure 5. Therefore, the applied force
is shown in this figure over the tangential plane. The
circle shows the border between the sticking and the
sliding zone, where sticking occurs inside and sliding
outside. The beginning of the contact is at the origin of
the coordinate system. In this example the line from 0
to 1 shows the tangential displacement of two bodies,
ξt1, due to some acting forces. Point 1 is clearly within
the sticking zone. Therefore, the contact force that has

0

1
2 3

t1

t2

ξt1

ξt2 ξt3

F
t1

F
t2

F
t3

Figure 4. Cut of friction cone at actual normal force, parallel to the

tangential plane.
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t1

t2

FN

Figure 5. Three dimensional figure of the friction cone.

to be applied, Ft1, is a sticking-force, its size being pro-
portional to the distance between 0 and 1, see Figure 4.
In a next time step, the tangential displacement may
change, e.g., due to the impulse of another body in the
system. Then the point, that is in contact, has moved
and its projection onto the tangential plane is here, e.g.,
point 2. If this point is still within the circle, then still
sticking occurs. The sticking force in this case is pro-
portional on the tangential displacement ξt2 in its total
direction and value, see Ft2 of Figure 4. That means,
in each time step, the displacement ξt in tangential di-
rection has to be re-calculated and added up vectorially.
The force is then applied in opposite direction of that
total displacement. As soon as sliding occurs, e.g. in
the timestep from point 2 to 3, the value of the friction
force will be restricted to the sliding force. That means,
its magnitude is restricted to µdFN which corresponds
to the radius of the circle. The direction of this force
still changes with each time step but will always be di-
rected to the origin of the tangential system.
If, in a later time step, when the contact still exists, the
relative motion stops and changes its direction, a stick-
ing force has to be applied to the bodies. By means of
the conventional model, this is not possible, see [Bren-
del, Dippel, 1998]. If the elongation of ξt, has been
updated in each time step, after a long sliding phase it
will take a long backwards motion in opposite direction
to release this “spring”. Therefore, [Brendel, Dippel,
1998] propose not to update the elongation of ξt dur-
ing sliding, but to keep it constant, i.e. at the value that
corresponds to the particular radius of the circle, un-
til sticking occurs again. The solution for the contact
force in a planar example is given in [Brendel, Dippel,
1998], and is extended here to a spatial statement,

ft = −ktξt,

ξt =
∫ t

t0
vtΘ

(
µ‖fn‖

kt
− ‖ξt‖

)
dt′,

(9)

where Θ(•) is the Heaviside function. There-
fore, an update of ξt will only be carried out for
µ‖fn‖ > kt‖ξt‖.

7 Comparison of the Friction Results
In the following, the example of a block on an in-

clined plane will be used in order to show its behav-
ior, when friction is modeled by means of the Cundall-
Strack model. The block, that is shown in Figure 6,
has the volume of 0.001m3. With a density of ρ =
2700 kg/m3 its mass is m = 2.7kg. The angle of
the inclined plane is α = 30◦ and the critical value for
the friction coefficient is µ = tan(α) ≈ 0.57735. In
Figure 7 the behavior of the block is shown for three
different values of µ. The two lines at the top lie very
closely together. It can be seen, that for µ > tan(α),
the block does not slip off. The zoomed depiction of
the behavior for µ = 0.58 and µ = 0.6 is shown in
Figure 8. In both cases, the block oscillates slightly,
but keeps its global position on the plane.

Figure 6. Block on top of an inclined plane.

Figure 7. Stick-slip behavior for different friction coefficients in a

simulation for 5 sec., motion in m.
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Figure 8. Zoomed stick-slip behavior for the large friction coeffi-

cients, motion in mm.

8 Example

The explained methods are applied to a simulation
program in order to simulate granular material. We
are mainly interested in particles which are larger than
molecules, and appear e.g. in production processes in
mechanical engineering. In the following, results from
the motion of bulk solids inside a helix are shown.
The particles have the shape of non-convex polyhedra.
Here, a simulation with the total simulation time of 40s
is carried out. In the beginning, the bodies are lined
up on top of a bar, see Figure 9. An initial velocity
is applied to the bodies such that the bodies are mov-
ing in direction to the helix. After reaching the helix,
the bodies are falling and by means of the helix kept
on a given course. The top view of that simulation at
time t = 21.1s is given in Figure 10. The side view
of the same simulation at time t = 29.7s is shown in
Figure 11.

Figure 9. Initial condition for the simulation of a helix containing

granular material.

Figure 10. Top view of a helix containing granular material.

Figure 11. Side view of a helix containing granular material.

9 Conclusion
In this paper we could show, that an efficient calcu-

lation of the dynamical behavior of many differently
shaped bodies can be achieved by combining ideas
from MD with MBS. In MD, the interactions and the
collective dynamical behavior of molecules or other
large systems are investigated. In order to simulate a
high number of bodies, in MD the bodies are modeled
as rigid. The material behavior is then represented by
the forces acting on the bodies. In order to calculate
contact forces effectively, overlaps between the parti-
cles are accepted and the value of the contact force
depends on the distance between the colliding bodies.
Another concept, which was used, is the neighborhood
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search. By means of that method it is possible to search
for close body pairs in advance and to evaluate the nec-
essary contact forces only for the colliding body pairs.
By means of such neighborhood search methods it is
possible to reduce the necessary simulation time of or-
der O(n2) in such a way that a linear behavior O(n)
can be obtained.
The equations of motion could be obtained easily,

since simulations of granular material or bulk solids are
based on free bodies in space. The very time consum-
ing collision detection only had to be carried out for
neighboring body pairs. For colliding bodies, the con-
tact force calculation was conducted. The calculation
of the contact forces in normal direction was modeled
by means of the Calvin-Voigt model. For the model-
ing of the tangential contact force, the Cundall-Strack
model was used. There, the friction force is modeled
dependent on the relative displacement between two
contacting bodies. By means of that model it could
be shown, that a block on an inclined plane can stay
there, without slipping off. Finally, an example of bod-
ies within a helix was presented. It is our goal to exam-
ine the dynamical behavior of practical applications by
means of such simulations.
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